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Transient Analysis of Forced Convection Along
a Wavy Surface in Micropolar Fluids

Cha’o-Kuang Chen* and Chi-Chang Wang’
National Cheng-Kung University, Tainan 701, Taiwan, Republic of China

Numerical results for transient laminar-forced convection along a wavy surface in micropolar fluids are pre-
sented. A simple coordinate transformation is employed to transform the complex wavy surface to a flat plate,
and the obtained nonsimilarity boundary layer equation is solved numerically by the spline alternating-direction
implicit method. The effects of micropolar parameter and wavy geometry on the velocity and temperature fields
are examined. The transient skin friction and transient local and averaged heat-transfer rates decrease with time.
Their axial distributions have a frequency equal to the frequency of the wavy surface, but their crests and troughs
do not occur just at the crests and troughs of the wavy surface. The amplitudes of the transient local skin-friction
coefficient and the transient local Nusselt number tend to increase as the wavy length and the wavy amplitude-
wavelength ratio increases. Furthermore, the transient Nusselt number of a micropolar fluid is smaller than that
of a Newtonian fluid everywhere, whereas the transient local skin-friction coefficient of a micropolar fluid is larger

than that of a Newtonian fluid just near the leading edge.

Nomenclature

a = amplitude of wavy surface
B = dimensionless material parameter; Eq. (8)
C; = skin-friction coefficient
C, = specific heat of the fluid at constant pressure
h = heat-transfer coefficient
J = microinertia density
K; = thermal conductivity

= characteristic length
N = microrotation
Nu,, = total Nusselt number
Nu, = local Nusselt number
Pr = Prandtl number; Eq. (8)
p = pressure
R = micropolar parameter; Eq. (8)
Re = generalized Reynolds number
S(x) = surface geometry function
T = temperature
t = time
U, = x component of the velocity of the inviscid flow,

evaluated at the wavy surface

= x component of velocity

= y component of velocity

coordinates

= wavy amplitude-wavelengthratio

= spin-gradient viscosity

dimensionless temperature

= vortex viscosity

= dimensionless material parameter; Eq. (8)

= dynamic viscosity

= microrotation component

= density of fluid

= distance measured along the surface from the
leading edge

T = dimensionless time
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Subscripts

w wall surface
00 = freestream condition
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Superscripts

- = dimensional variables
~,~ = dimensionless quantity
! = derivative with respect to x

Introduction

N the past few decades microcontinuum fluid mechanics has

received much attention. The theory of a micropolar fluid and
thermomicropolar fluids, developed by Eringen,"? can be used to
explain the characteristicsin certain fluids such as exotic lubricants,
colloidal suspensions or polymeric fluids, liquid crystals and ani-
mal blood. The micropolar fluids exhibitcertain microscopiceffects
arising from local structure and micromotion of the fluid elements.
An excellent literature survey for micropolar fluid mechanics was
provided by Ariman et al.>*

Studies of the flows of heat convectionin a micropolar fluid have
focused mainly on flat plates’™” or regular surfaces™® because the
boundary conditionis simple or the velocity of inviscid flow is easy
to obtain. Few studies have been carried out to demonstrate the
effects of complex geometry, such as irregular surfaces on forced
convection. The prediction of heat transfer from irregular surfaces
is a topic of fundamental importance, and it is often encounteredin
heat-transferdevices such as flat-plate solar collectors and flat-plate
condensers in refrigerators. Using a transformation method, Yao!®
studied the natural-convectionheat transfer from an isothermal ver-
tical wavy surface. He obtained numerical results for a sinusoidal
surface. His results showed that the local heat-transfer rate varies
periodically along the wavy surface, with a frequency equal to twice
the frequency of the surface. Recently, Chiu and Chou'' studied the
natural-convection heat transfer along a vertical wavy surface in
micropolar fluids. The numerical results showed that as the micro-
polar parameter increases the heat-transferrate decreases, while the
hydrodynamicand thermal boundary-layerthicknessesand the skin-
friction coefficient increase. The preceding literature survey shows
that the transient forced convection along an irregular surface in
micropolar fluids has not been studied so far.

The objective of this study is to analyze the transient forced con-
vection flow in micropolar fluids along a vertical wavy surface by
using Prandtl’s transposition theorem and the spline alternating-
direction method. Because the spline alternating-direction method
can directly evaluate spatial derivatives without finite difference
discretization, gradient boundary conditions are represented more
accurately, and irregularboundaries are easier to analyze. The influ-
ence of micropolarparameter R and the wavy amplitude-wavelength
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ratio a on the transient local skin-friction coefficient and local
Nusselt number are considered in this paper.

Mathematical Formulation

Consider the unsteady, laminar, incompressible, forced convec-
tion flow in a micropolar fluid over a semi-infinite wavy surface,
having a cusped leading edge. The wavy surface is aligned parallel
to a freestreamof velocity U, , and the temperature of the wavy sur-
faces is held at a constant temperature 7,,. The physical model and
the coordinate system are shown in Fig. 1. In this work the profile
of the surface is given by

y = S(x) = asin’(n%/L) (1

The governingequationswith variable microinertiacan be writtenas

oi ov
0x oy
au+_au+_au aﬁ+( o 0% 0%
—tii—+7— | =—— K —
P\ar ""x " oy PR 252 | 3y
ov
+1<—_3 3)
oy

aV3
+ —_— 4
K( ax) @
82V3 82V3
+ +
4 ( %2 | oy ®

oT _oT _oT o*T 2T
PC\—+ti—+V— | =K/ | == + —= (6)
ot ox oy 0x2 0y?
The initial and appropriate boundary in conditions are

7=0:
0(x,5,0) =0, i(x,y,0) =0,

V3()E, y’o) =0 (73.)

T>0:
a) On the wavy surface [y = S(X)]:
T=T,, a=7v=0 (7b)
Vv = 0 (70)

b) Matching with the quiescent freestream (§ — 00 ):
P =P=(X) (7d)
V3 = (7¢)

T=T,,

where v3 is the componentof microrotation whose direction of rota-
tion is in the (x-y) plane; U,, (X) is the X component of the inviscid
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Fig. 1 Physical model.

velocity at the surface § =8(x). In Eq. (7c) the boundary condi-
tion for the microrotation at the fluid-solid interface is v; =0, the
condition of zero spin, as used by Takhar et al.!?

The dimensionless variables are defined as
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Using the dimensionless variables defined in Eq. (8), Eqs. (2-6)
become
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Using Prandtl’s transposition theorem to transform the irregular
wavy surface into a flat surface as extended by Yao!* and letting
Re — oo (boundary-layerapproximation), the preceding equations
can be written as
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£=%  9=[F—SEIRet, t=%, a=i

P =@ - S@)Re*, N =NRe>, p=p—po (17

Equation (14b) indicates that the pressure gradient along the y
direction is O(Re~"/?). This implies that the lowest-order pressure
gradient along the x direction can be determined from the inviscid

flow solution and is given by

d
a_{’ =-[a+ U, U, +55'U2] (18)
X

Eliminating 0 p/ 99 between Eqs. (14a) and (14b) and using Eq. (18)
gives
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Equations (13), (15), (16), and (19) can be further transformed by
using the precedingdimensionlessvariables. The equationsobtained
are
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The corresponding boundary conditions become
t=0:

0(x,y,0) =0, u(x,y,0) =0, N(x,y,0)=0
t>0:

y=0: 6=1, u=v=N=0
y—o0: 0=0, u=1, N =0 25)

Moreover, we would examine the inviscid flow along the wavy
surface. The inviscid solution obtained here is valid only for small

values of the amplitude-wavelengthratio. The potential-flow solu-
tion U,, (x) for small values of o(<1) is'*

U,(x) =1+ i/ &dt + O(a?) (26)
T Jo

X —t

The singular point in this integral can be removed by using the
residue theorem, and it can be expressed as

* sin(27t)

2
o dt>+ O(a”) (27)

U,(x) =1+ a(—n: cos(2mx) + /
0

An important physical quantity is the skin-friction coefficient de-
fined as

C; =2zl pu? (28a)

where the shearing stress on the surface is given by
ou  ov ou
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Using Egs. (28a) and (28b), we obtain
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The local Nusselt number is defined as
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Using Egs. (29a) and (29b), we obtain
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The total Nusselt number is obtained by averaging the heat trans-
fer over the surface from the leading edge to o(x). Itis given by

Nu,, = h,o(x)/K (30a)
where
hw =qul (T, — T) (30b)
1 i oT
Gm =;/U —Kfa—ndcr (30c)
o= /Xu +57)7 dx (30d)
0

The variation of (2/Re;)'"/?Nu,, can be obtained by integration of
the preceding equation. It is expressed as
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Numerical Method

The spline alternating-directionimplicit method (SADI), an im-
proved version of the cubic spline collocationmethod,'> was used to
perform the numerical computation by Char and Chen'® and Wang
and Kahawita.!” Equations (21-24) can be discretized as
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where ¢ refers to u, N, and 60, and the quantity At =7¢"*! — 7"
represents the time step.

The SADI procedure was applied to perform the numerical
computation. Using the spline formulation, the forced convection
boundary-layerequations of Egs. (31-34) are written in the follow-
ing form:

9 =F+ Glyt + S Lyt (36)

ij LI ij

The quantities F, G, and S are known coefficients evaluated at
previous time steps. For u:
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For 0:

Equation (36) is of a general nature, independentof the method used
for the spatial integration.

By using the cubic spline relations described in Ref. 15, Eq. (36)
can be written in the following tridiagonal form:

Aijij-1+ Bijgi;j+Cijdijv1 =D (37

Equation (37) can be easily solved by using the Thomas algorithm.

The numerical procedure is described as follows:

1) Set suitable boundary conditions and initial values.

2) Calculate the transient solution at every x station iteratively
marching from the leading edge (x =0). The convergencecriterion
is

z+1 z
¢i,j _ ¢i,j
T+ 1
2
where ¢ refersto 0, u, v,or N and z denotesthe numberof iterations.
3) Return to step 2) and proceed with the calculation for the next

time step (7 + A7) until the solution between two successive time
steps ceases to change significantly, i.e.,

n+1
¢i,j - ¢f/‘
n+1
'max

<1x1073 (38)

<1x107° (39)

where n denotes the number of time steps.

Results and Discussion

An accuracy test of grid fineness is made for the arrangements
of 100 X 20, 100 X 50, 100 X 150,25 X 50,50 X50, and 100 X 50.
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Table1 Local heat-transfer rate (2/Re;)Y2Nu; and skin-friction coefficient (2Re;)! 2Cy:
a) for different grid sizes, b) for different time steps, and ¢) compared to theoretical solution

(2/Rez)Y2Nus

(2Rex)'2Cy

Parameter x=0.16 x=4 x=0.16 x=4
a) Steady-state solutions: Pr= 0.73, a= 0.002,R=1, B=1, A= 5,x€[0,4], and y € [0, 10]
100 X 20 0.393842 0.379809 1.131646 0.968401
100 X 50 0.394535 0.376537 1.131432 0.960356
100 X 150 0.394248 0.375848 1.129922 0.958338
25 X50 0.394550 0.377982 1.132669 0.959618
50 X50 0.394376 0.375799 1.130772 0.956972
100 X 50 0.394393 0.376083 1.130753 0.959037
100 X 752 0.391625 0.378118 1.123619 0.960467
100 X 200* 0.393746 0.376413 1.127222 0.959405
b) Transient-state solution: grid sizes = 50 X 50,7 = 1
A7 =0.001 0.555847 0.53622 1.559476 1.46801
A7 =0.005 0.555732 0.52747 1.560010 1.46861
A7 =0.010 0.554803 0.496616 1.528782 1.469809
¢) Present solutions: o= 0, R = 0, grid sizes 4 = 50 X 50
Pr=1.00 0.469726 0.469653 0.939451 0.939306

(0.469519)° (0.939083)
Pr=10.73 0.420412 0.420198 0.939745 0.939306
(0.4227601)° (0.939083)

*Uniform grid (y direction). bParenthetical values are obtained from Egs. (40a) and (40b).

Table 2 Values of parameters in this study

Parameter Value
Pr 1.0

B 1.0

A 5.0

a 0.002, 0.005
R 0, 1.0,5.0

The time interval is taken as A7 =0.001, 0.005, and 0.01. The time
step and grid dependence of the solutions have been tested and
shown in Table 1. The difference between the results for grids of
50 X50 and 100 X 50 are less than 0.1% in the local Nusselt num-
ber and the skin-friction coefficient at Pr =0.73, « =0.002, R =1,
B=1,2=5,x€[0,4], and y € [0, 10]. The difference between the
results for A7 =0.005 and 0.001 are less than 0.2% in the tran-
sient local Nusselt number and skin-friction coefficient for the spa-
tial grid of 50 X 50. Thus, 50 X 50 nonuniform grid with a smaller
spacing mesh points in the neighborhood of the fluid-solid bound-
ary at y direction and the time interval A7 =0.005 are used in the
present work. To verify the accuracy of the computer program used
in this study, the results obtained for Newtonian fluids (i.e., R =0)
over a flat plate (i.e., o =0) are computed at Pr =1 and 0.73. The
skin-frictioncoefficient and local Nusselt number values are in good
agreement with results obtained by the following equations:

1
Nuz =0.332Re?Pr3 (402)

1
C; =0.664| Re? (40b)

Numerical results have been obtained for the surface described
by S(x) =asin*(zx/L), or S(x)=asin’(zx), for amplitude-
wavelengthratios oo =0.002 and 0.005. Three values of micropolar
parameter (i.e., R =0, 1, and 5) are used. The material parameter
B =1, Prandtl number Pr =1, and material parameter A =35 are
taken throughout the study. Details of the variable parameters are
presented in Table 2.

Before solving the dimensionless governing differential equa-
tions (21-24) subjectto the relevantboundary conditionsin Eq. (25),
the Simpson’s integral rule has been used to compute the value of
U, (x) in Eq. (27). Figure 2 shows the axial distributions of the in-
viscid surface velocity U,, (x) and the pressure gradient dp/dx for
o =0.002 and 0.005. The inviscid surface velocity varies periodi-

---- o=0.002
o=0.005

0.0 1.0 2.0 3.0 4.0

Fig. 2 Inviscid surface velocity distribution and axial distribution
of dp/dx.

cally along the surface with a cycle equal to that of the wavy surface.
The flow accelerates along the portion of the surface from trough
to crest, where the slope ' is positive, while it decelerates along
the portion of the surface from crest to trough, where the slope S’ is
negative. The pressure gradientdistributionhas a frequency equal to
that of the wavy surface. The pressure gradientd p/dx is negativein
regions where the inviscid flow accelerates,and it becomes positive
in regions where the inviscid flow decelerates. The maximum and
minimum values of the pressure gradient occur at the points of in-
flection of the wavy surface. The pressure gradient tends to increase
as the amplitude-wavelengthratio is increased. From the potential
flow theory it is evident that the pressure gradientat the leadingedge
(x =0) is infinite because of the sudden change in curvature at that
point.

Figures 3 and 4 display the results for the distribution of the tran-
sient axial velocity componentu, temperature 6 for Newtonian fluid
(i.e., R =0) at the x = 1.75 (node). Figure 3 illustrates that the axial
velocity component tends to decrease with increasing amplitude-
wavelength ratio. The temperature increases with the amplitude-
wavelengthratioas shownin Fig. 4; the smaller the axial velocity, the
smaller the heat-transferrate. Because the temperature of the wavy
surface is kept constant, the temperature profile becomes higher as
the amplitude-wavelengthratio is increased. As the time increases,
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Fig. 3 Transient axial velocity profiles for Newtonian fluids (i.e., R =0)
atx=1.75.
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0 | . I L L Il Il
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Fig. 4 Transient temperature distribution for Newtonian fluids (i.e.,
R=0)atx=1.75.

the axial velocity decreasesbut the temperatureincreases. However,
the hydrodynamicand thermal boundary-layerthicknessesincrease
progressively with the time.

Figure 5 shows the variation of the transient skin-friction coeffi-
cient (2Re;)""2C; with R =1, A =5, B =1, including the limiting
case of a steady-state condition (t =17.5) Pr=1 for a =0.002
and 0.005, for comparison. As time increases, the hydrodynamic
boundary-layer thickness increases, thus decreasing the transient
skin-friction coefficient at the same x position. The curves show a
periodic variation with a frequency equal to the frequency of the
wavy surface under both the transientand steady-state conditions.

In Fig. 5 it can be seen that the skin-friction coefficient
(2Rex)'2C + becomes negative and the numerical solution becomes
unstable at 7 > 0.5 near x =2.85 for a =0.005 and R =1. The re-
sults can be explained as follows. The numerical solution become
unstable at some values of x and co. This occurs at a large value
of x when « is small, or at a small value of x when a is large.
The negative value of the transient local skin-friction coefficient
(2Re;)”2Cf indicates that the flow is reversed. We do not present
the numerical results beyond this point because the boundary-layer
theory is meaningless thereafter. Therefore, this work presents the

a=0.002
— — — — a=0.005

X

1/2
(2Re,)"?C,
o o o = = s MoNN
A OO O =2 N B OO OO NN MO

e
]

L Lo S S
1 2 3 4

X

Fig. 5 Transient axialdistributionof(ZRe,;)l/ZCf forR=1,A=5,B=1,
and Pr=1.

© T T

(=]

25 » ©=0.5

N

(2Re,)"*C,
o

N \

/|
1=17.5(steady state)/

0 /\;/\é/\é/\

05 1=16.9(steady state)

T

0 4

X

Fig. 6 Transient axial distribution of (2Rez)V 2Cy for a=0.002, A =5,
B=1,and Pr=1.

results for x ranging from 0 to 2.7 when wavy amplitude-wavelength
ratio o =0.005.

Figure 6 shows the transientaxial distributionof (2Re;) 2c s with
a=0.002, A=5, B =1, and Pr =1 for the micropolar parameter
R =0, 1,and 5. The local skin-frictioncoefficient at the leadingedge
(x =0) increases with the vortex viscosity parameter R, as shownin
Fig. 6. The local skin-frictioncoefficient for micropolar fluids tends
to decrease rapidly near the leading edge as the fluid moves down-
stream, which is different from the behavior for Newtonian fluids.
Moreover, Fig. 6 shows that the transient local skin-friction coef-
ficient increases with the micropolar parameter R for a micropolar
fluid. This phenomenon reflects the fact that increasing the value
of micropolar parameter R results in an enhancement of the total
viscosity in fluid flow, thus increasing the skin friction. In addition,
whereas the values of the wavy length x and the wavy amplitude-
wavelength ratio o increase, the amplitude of the axial distribution
of (2Ref)”2Cf increases, as shown in Figs. 5 and 6. The curve for
the transient axial distribution of (2Re;)”2Cf, as shown in Figs. 5
and 6, shows a frequencyequal to the frequency of the wavy surface.
However, the crests and troughs of the transient local skin-friction
coefficient are shifted slightly upstream of the crests and troughs of
the wavy surface. For a complete cycle (1 < x < 2) the maximum
value occursat x =1.35 butnotat x = 1.5 (crest), and the minimum
value occurs at x =1.85 but not at x =2 (trough).
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Fig. 7 Transient axial distribution of (2/Re,;)l/ 2Nu; for o=0.002,
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Fig. 8 Transient axial distribution of (2/Re:)2Nu,, for R=1, A=5,
B=1,and Pr=1.

The transient axial distributionof (2/Re;)"?Nu; with & =0.002,
A=5, B=1, Pr=1 for two different values of the micropolar
parameter R is shown in Fig. 7. It is observed that the value of
(2/Re;)"2Nu; decreases progressively with time and that the de-
creasing rate increases with increasing micropolar parameter R.
However, Fig. 5 shows that the decreasingrate for the skin-friction
coefficient (2Re;)'2C s is equal for different wavy amplitude-
wavelength ratios (a =0.002 and 0.005) with the same micropolar
parameter R = 1. Moreover,a micropolarfluid with large micropolar
parameters R has low transient Nusselt numbers. This phenomenon
reflects the fact that increasing the value of vortex viscosity results
in an enhancement of the total viscosity in fluid flow, decreasing
both the velocity and the heat-transfer rate while increasing skin
coefficient. The curve for a =0.002 and 0.005 exhibits the same
periodic behavior as in Figs. 5 and 6, with a frequency equal to the
frequency of the wavy surface. However, the crests and troughs of
the transient local Nusselt number are shifted slightly upstream of
the crests and troughs of the wavy surface.

Figure 8 shows the transient axial distribution of (2/ Rez)"2Nu,,
for R=1, A=5, B=1, Pr =1, where the transient total Nusselt
number Nu,, is obtained by averaging the heat transfer over the
surface from the leading edge to o(x); Eq. (30e). The value of
(2/Rez)"?Nu,, decreases progressively with time. Figure 8 shows
that the peaks of the total heat-transferrate occur near the peaks of
the wavy surface, where the inviscid freestream velocity is maxi-
mum as shown in Fig. 2, but they are shifted slightly downstream
of the crests of the wavy surface. This is different from the results

Fig. 9 Axial velocity profiles of u (7 =20, a =0.005,R =5, A =5, and
B=1).

Fig. 10 Normal velocity profiles of v (r =20, «=0.005, R=5, A=5,
and B=1).

1.0

Fig. 11 Temperature profiles of 0 (7 =20, «=0.005,R=5, A =5, and
B=1).

for the transient local skin-friction coefficient and the transient lo-
cal Nusselt number shown in Figs. 5, 6, and 7, respectively. The
amplitude of the total Nusselt number (2/ Re;)'2Nu,, decreases as
the wavy length x increases or the wavy amplitude o decreases.
Therefore, the wavy variation of the total Nusselt number can only
be observed near the leading edge, or at a large value of the wave
amplitude-wavelengthratio.

Figures 9, 10, 11, and 12 show the three-dimensional plot of the
axial velocity component #, normal velocity component v, temper-
ature 0, and microrotation N, respectively,for t =20, B =1,1 =5,
R =5.0, and a =0.005. The variation rate and boundary layer of
the axial velocity componentu, temperature 6, and microrotation N
are almost constant far downstream of the leading edge. In addition,
as far away from the wavy surface (i.e., y— o0 ), the magnitude of
ou/0x and ou/ 0y approach to zero in Fig. 9. Thus, it is seen from
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Fig. 12 Microrotation profiles of N (7 =20, =0.005,R =5, =5,and
B=1).

Eq.(21) thatinFig. 10 the value of velocity gradient 0v/ dy becomes
a constant (i.e., —2xU/ / U,,) far away from the wavy surface (i.e.,

Conclusions

A simple transposition theorem and the spline alternating-
direction method have been used to study the forced convectionflow
and heat transferalong a wavy surface in micropolar fluids. The nu-
merical resultsindicated that transientlocal skin-frictioncoefficient
and the transient local and averaged heat-transfer rates decrease
with time and that they all have a frequency equal to the frequency
of the wavy surface. Moreover, as the values of the wavy length x
and wavy amplitude o increase, the amplitudes of the skin-friction
coefficient and the local Nusselt number tend to increase.

The crests and troughs of the transient local skin-friction coeffi-
cient and the transientlocal Nusselt number are shifted slightly up-
stream of the crests and troughs of the wavy surface. However, the
crests and troughs of the transient total Nusselt number are shifted
slightly downstream of the crests and troughs of the wavy surface.
As the vortex viscosity parameter R increases, the transient heat-
transferrate decreases, but the transient skin friction increases. Fur-
thermore, the transient heat-transfer rate of a micropolar fluid is
smaller than that of a Newtonian fluid everywhere, but the transient
skin friction of a micropolar fluid is larger than that of a Newtonian
fluid near the leading edge.
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